Psychological Methods

Bayesian Evaluation for Latent Variable Models: A Tutorial on Computing
Information Criteria and Bayes Factors With the R Package bleval

Xiaohui Luo, Jieyuan Dong, Hongyun Liu, Yang Liu, and Edgar C. Merkle

Online First Publication, June 29, 2026. https://dx.doi.org/10.1037/met0000852

CITATION

Luo, X., Dong, J., Liu, H., Liu, Y., & Merkle, E. C. (2026). Bayesian evaluation for latent variable models: A
tutorial on computing information criteria and bayes factors with the r package bleval. Psychological
Methods. Advance online publication. https://dx.doi.org/10.1037/met0000852



publishers.

d is not to be disseminated broadly.

1)
%
=1
=
=1
2

y the American Psychological Association or one of its allied

All rights, including for text and data mining, Al training, and similar technologies, are reserved.

cle is intended solely for the personal use of the ind

This document is copyrighted b

2]
=

)

MERICAN
SYCHOLOGICAL
SSOCIATION

I’
I anll
W,.!
PUD

Psychological Methods

© 2026 American Psychological Association

ISSN: 1082-989X

https://doi.org/10.1037/met0000852

Bayesian Evaluation for Latent Variable Models: A Tutorial on Computing

Information Criteria and Bayes Factors With the R Package bleval

Xiaohui Luo', Jieyuan Dongl, Hongyun Liu'?, Yang Liu®, and Edgar C. Merkle*

! Beijing Key Laboratory of Applied Experimental Psychology, National Demonstration Center for Experimental Psychology Education,

Faculty of Psychology, Beijing Normal University

2 Research Center for Capacity Building in Educational Assessment and Evaluation (Beijing Higher Education Innovation Center for

Philosophy and Social Sciences), Beijing Normal University
3 Department of Human Development and Quantitative Methodology, University of Maryland
4 Department of Psychological Sciences, University of Missouri

Abstract

Model evaluation is crucial in psychological methodology, particularly in the context of Bayesian latent vari-
able models. Bayesian evaluation methods require integrating out latent variables to compute marginal likeli-
hoods for information criteria and integrating both latent variables and model parameters to compute fully
marginal likelihoods for Bayes factors. These processes can be computationally demanding, as likelihoods in
many latent variable models are intractable. Moreover, the role of latent variables in model evaluation has
been insufficiently addressed in applied research, likely due to a lack of practical guidance and user-friendly
software. This tutorial fills these gaps by (a) offering step-by-step instructions for approximating marginal
likelihoods using an efficient numerical method (i.e., adaptive Gauss—Hermite quadrature), (b) developing an
R package, bleval, designed specifically for computing information criteria and fully marginal likelihoods in
Bayesian latent variable models, and (c) demonstrating the application of this package to various empirical
scenarios, including structural equation models, item response theory models, and multilevel models. The
empirical examples also investigate practical issues such as the sensitivity of model evaluation results to the
number of quadrature nodes, the performance of the numerical quadrature method in high-dimensional latent
variable models, and the handling of latent class variables in Bayesian mixture models.

Translational Abstract

Latent variable models, including structural equation models, item response theory (IRT) models, and mul-
tilevel models, are widely used in psychological research. Within the Bayesian framework, researchers of-
ten compute information criteria and Bayes factors to evaluate and compare competing models. However,
popular Bayesian software packages compute information criteria based on conditional likelihoods by
default. These conditional metrics treat latent variables as fixed effects specific to the observed sample,
whereas information criteria based on marginal likelihoods (where latent variables are integrated out) are
generally considered more appropriate for generalizing inferences to a broader population. In addition, com-
puting fully marginal likelihoods for Bayes factors via bridge sampling can be challenging. Direct approxi-
mation approaches (e.g., defaults in the brms package) often fail to converge due to the difficulty of
integrating over high-dimensional latent variables and model parameters simultaneously. To address these
challenges, this tutorial presents a practical workflow that employs adaptive Gauss—Hermite quadrature to
approximate marginal likelihoods and introduces an R package, bleval, designed to facilitate the computa-
tion of marginal likelihood-based information criteria and fully marginal likelihoods. By numerically inte-
grating out latent variables, this approach makes the approximation of fully marginal likelihoods for Bayes
factors more feasible. We demonstrate this workflow using four examples: a Gaussian linear mixed model,
a latent moderation structural equation model, a five-dimensional IRT model, and a mixture IRT model.
Designed as a downstream toolkit compatible with common software (e.g., JAGS, Stan, and brms), bleval
offers applied researchers an accessible pathway to implement these rigorous evaluation methods.

Keywords: Bayesian evaluation, latent variable models, Bayesian information criteria, marginal likeli-
hood, Bayes factor
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Model evaluation plays a crucial role in psychological research.
Within the Bayesian framework, evaluating the goodness of fit
of models is the basis for model comparison, selection, and aver-
aging (Hoeting et al., 1999; Vehtari & Ojanen, 2012; Wasserman,
2000). A common approach to evaluating a Bayesian model is
through estimating out-of-sample predictive accuracy (Gelman
et al., 2014). Specifically, several information criteria, including
the deviance information criterion (DIC; Spiegelhalter et al., 2002),
the Watanabe—Akaike information criterion (WAIC; Watanabe,
2010), and the leave-one-out (cross-validation) information cri-
terion (LOOIC; Vehtari et al., 2017), are commonly used to ap-
proximate expected predictive accuracy using available data.
These criteria can be computed based on model likelihoods and
are readily accessible in popular Bayesian software such as BUGS
(Lunn et al., 2013; Spiegelhalter et al., 1996), JAGS (Plummer,
2003), and Stan (Stan Development Team, 2023). Another tradi-
tional approach for evaluating and comparing models is comput-
ing Bayes factors, defined as the ratio of the fully marginal
likelihoods of two models (Jeffreys, 1961; Kass & Raftery, 1995;
see later for a formal definition of fully marginal likelihood).
Bayes factors can be used to assess the relative predictive accu-
racy of one model over another (i.e., how well one model pre-
dicts the data compared with another), or to quantify the relative
evidence in favor of one model over another (Rouder & Morey,
2019). This measure can also be obtained using Bayesian soft-
ware and packages (Garofalo et al., 2024; Hoijtink et al., 2019;
Veenman et al., 2024).

However, when latent variable models are the target of evalua-
tion, special attention is warranted regarding the treatment of
latent variables (e.g., random vs. fixed effects) and the associated
challenges in likelihood computation (Li et al., 2016; Merkle
et al., 2019). Common latent variable models used in psychologi-
cal research include structural equation models (SEMs), item
response theory (IRT) models, and multilevel models (MLMs). In
SEMs and IRT models, latent variables typically represent individ-
uals’ latent characteristics, whereas in MLMs, they represent ran-
dom effects (e.g., random intercepts and slopes) of clusters (e.g.,
schools in data with students nested within schools) or persons (in
data with repeated measures nested within individuals). Mixture
modeling adds latent class variables that define discrete groups
(i.e., latent class membership) of units. In the following discus-
sion, the term “cluster” will refer to the entities represented by
latent variables, whereas “unit” will denote the directly observed
entities grouped by these clusters.

Marginal Likelihood-Based Information Criteria
and Their Computational Challenges

For Bayesian models with latent variables, an easy implementa-
tion of information criteria is to treat the latent variables as model
parameters and directly sample them from the MCMC (Markov
chain Monte Carlo) posterior draws. This approach corresponds to
the data augmentation technique (Tanner & Wong, 1987), where
latent variables are introduced into the sampling process to facili-
tate posterior computation. When data augmentation is used for
posterior sampling, the default information criteria obtained from
generic MCMC software (e.g., BUGS, JAGS, and Stan) are typi-
cally based on conditional likelihoods, that is, likelihoods condi-
tional on the latent variables. In contrast, a more computationally
demanding implementation of information criteria is based on
marginal likelihoods, which treats latent variables separately from
model parameters and integrates out the latent variables.

The distinction between conditional and marginal likelihood-
based information criteria has been discussed in previous research
(Gelman et al., 2014; Merkle et al., 2019; Millar, 2018; Spiegel-
halter et al., 2002; Zhang et al., 2019). The choice between condi-
tional and marginal likelihood can be framed in terms of whether
the latent variables are treated as fixed or random effects when
predicting new data. Specifically, conditional likelihood treats the
latent variables as fixed effects (i.e., specific to the observed clus-
ters), which is appropriate for making inferences within the same
observed clusters. In contrast, marginal likelihood views the latent
variables as random effects (i.e., assumed to be drawn from a
broader population), which can be used when generalizing infer-
ence beyond the observed sample is desired. Given that psycho-
logical modeling typically aims for generalization beyond specific
observed clusters (i.e., treating latent variables as random effects),
information criteria based on marginal likelihoods are generally
more appropriate and recommended (Merkle et al., 2019; Millar,
2018; Zhang et al., 2019).

When the model is simple and its marginal likelihood is tracta-
ble (e.g., mean and covariance structure models), data augmenta-
tion is not necessary for Bayesian estimation, and information
criteria can be straightforwardly computed (as implemented in the
blavaan package; Merkle et al., 2021). In more complex latent
variable models, however, it is typically impossible to express the
marginal likelihood in closed form. Specifically, for latent variable
models involving nonnormal data types (e.g., binary or ordinal
responses in IRT models), nonlinear structures (e.g., latent vari-
able interactions) or mixture components, data augmentation with
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MCMC is typically required for parameter estimation. In these
cases, numerical integration methods are needed to integrate out
latent variables and approximate the marginal likelihoods used to
compute information criteria.

Bayes Factors and Their Computational Challenges

Compared with information criteria, Bayes factors are computa-
tionally more demanding, as computing them requires integrating
out both latent variables and model parameters. When Bayes factors
are computed based on marginal likelihoods, only the model param-
eters need to be integrated out, as the latent variables have already
been marginalized. In contrast, computing Bayes factors based on
conditional likelihoods requires integrating out both the latent
variables and the model parameters, making the computation more
demanding. To minimize ambiguity in terminology, we use the
term “marginal likelihoods” to refer to the likelihoods integrating
out latent variables from the product of a conditional likelihood
and a latent variable density, and the term “fully marginal likeli-
hoods” for those that integrate out both latent variables and model
parameters from the product of a conditional likelihood, a latent
variable density, and a prior density. In this tutorial, we compute
information criteria using marginal likelihoods. For Bayes factor
computation, we obtain fully marginal likelihoods by further inte-
grating out the model parameters from the marginal likelihoods.

Several methods have been proposed to approximate fully
marginal likelihoods for competing models to compute Bayes
factors. In simple cases where researchers are interested in com-
paring nested models that differ in only a single parameter, the
Savage-Dickey density ratio (Dickey & Lientz, 1970) can be
used as a feasible approximation of Bayes factors. In more gen-
eral cases, Monte Carlo sampling methods are required to ap-
proximate the fully marginal likelihood, with bridge sampling
(Bennett, 1976; Meng & Wong, 1996) being a common choice
due to its advantages over other sampling-based methods (Gronau
et al., 2017) and its relatively easy implementation in the R pack-
age bridgesampling (Gronau et al., 2020). The key idea of bridge
sampling is to introduce an optimal bridge function connecting the
posterior distribution to a proposal distribution, which yields accu-
rate and robust estimates even when the proposal does not match
the posterior tails.

Although there are methods and tools to approximate fully mar-
ginal likelihoods for Bayesian models, their applications to latent
variable models are often challenging, as the total number of
dimensions to be integrated out—including both latent variables
and model parameters—can easily become overwhelming and
unmanageable. For instance, consider an SEM with three factors
(i.e., three latent variables) and a sample size of 300 (i.e., 300 clus-
ters). This results in 900 quantities from the latent variables, plus
model parameters, to be integrated out when computing fully mar-
ginal likelihoods in Bayes factors. In such cases, it may be helpful
to compute the marginal likelihoods before using bridge sampling
to approximate the fully marginal likelihood. The marginal likeli-
hood computation can be accomplished using numerical integra-
tion, as discussed in the computation of information criteria. This
adjustment, specifically for evaluating latent variable models, can
effectively reduce the number of quantities (i.e., the number of
dimensions that must be integrated over) involved in bridge sam-
pling, making it more practically applicable.

The Current Tutorial

Taken together, the aforementioned discussion highlights the
importance of distinguishing latent variables from model parame-
ters and integrating out latent variables when evaluating the mod-
el’s likelihood. For information criteria, computing marginal
likelihoods is more appropriate for predictive objectives in most
psychological studies and aligns better with traditional likelihood-
based methods (Merkle et al., 2019). For Bayes factors, computing
marginal likelihoods before using bridge sampling can effectively
reduce the computation burden of fully marginal likelihoods.

Despite the critical role of latent variables in model evaluation,
they have received insufficient attention and have not been
adequately addressed in applied research, which we believe may
be due to a lack of relevant guidance and user-friendly software
from an applied perspective. Although there are some general
introductions and tutorials on Bayesian model evaluation using in-
formation criteria (Gelman et al., 2014; Vehtari et al., 2017) and
Bayes factors (Garofalo et al., 2024; Hoijtink et al., 2019), practi-
cal tutorials on computing information criteria and Bayes factors
specifically focused on Bayesian latent variable models estimated
via data augmentation are still lacking.

Furthermore, although existing packages offer some relevant
functionality, important limitations remain for the evaluation
of data-augmented models. For example, the blavaan package
(Merkle et al., 2021), commonly used for fitting Bayesian SEMs,
can compute marginal likelihood-based information criteria, but
its default marginal approach is limited to multivariate normal
SEMs and cannot readily handle more general models (e.g., those
with non-normal data, latent interactions, or mixture components).
It also does not directly support the computation of fully marginal
likelihoods for Bayes factors. In addition, the brms package
(Burkner, 2017), which is a powerful tool for MLMs and IRT
models, computes information criteria based on the conditional
likelihood (an issue demonstrated later in the Comparison and
Integration With Existing Packages section). Moreover, when
brms is used to compute fully marginal likelihoods via bridge
sampling, it treats latent variables as model parameters and passes
both sets of quantities to the sampler. This requires integration
over a very large number of dimensions (often hundreds or thou-
sands), which frequently leads to convergence difficulties.

Therefore, the present work aims to fill these gaps by (a) offer-
ing practical guidance on approximating marginal likelihoods
using efficient numerical methods (i.e., adaptive quadrature) when
the model parameters are estimated by data augmentation, (b)
developing an R package bleval to compute information criteria
and fully marginal likelihoods for these models, and (c) demon-
strating application of the package in various empirical scenarios
using different latent variable models (i.e., SEMs, IRT models,
and MLMs).!

Note that there are other model evaluation measures for
Bayesian latent variable models, such as approximate fit indices
adapted for Bayesian SEM (e.g., the Bayesian root mean square
error of approximation, BRMSEA; Garnier-Villarreal & Jorgen-
sen, 2020) and calibrated posterior predictive p values (van Kol-
lenburg et al., 2017). The current tutorial does not examine these

"The R package bleval can be downloaded from GitHub at https:/
github.com/luoxh3/bleval.
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measures but focuses on information criteria and Bayes factors.
Readers interested in these alternative evaluation measures are
referred to Depaoli et al. (2024), Garnier-Villarreal and Jorgen-
sen (2025), Levy (2011), and Winter and Depaoli (2022).

The article is organized as follows. We begin by introducing the
bleval package, presenting its workflow and describing the numer-
ical integration methods on which it relies. We also clarify the dis-
tinct role of bleval relative to other popular packages (i.e., blavaan
and brms) and demonstrate how it can be integrated with brms to
enhance practical utility. Next, we present a comprehensive
worked example using a Gaussian linear mixed model (a model
with a tractable marginal likelihood) to explain the core concepts
(i.e., marginal likelihood, information criteria, fully marginal like-
lihoods, and Bayes factors) and to demonstrate step by step how
the corresponding bleval functions are applied. This example also
serves to validate the numerical approximations against an analyti-
cal solution. Following this foundation, we further demonstrate the
broader applications of the developed package for models with in-
tractable marginal likelihoods using three empirical examples.
Example 1 shows the evaluation of latent moderation SEMs, which
are commonly analyzed nonlinear models in SEMs. In this exam-
ple, we also provide a preliminary demonstration of the sensitivity
of model evaluation results to different numbers of quadrature
nodes per latent variable. Example 2 presents a five-dimensional
IRT model, which is used to explore how the numerical quadrature
method in the developed package performs for models with a rela-
tively large number of latent variables. Example 3 uses a mixture
IRT model to illustrate how latent class variables in Bayesian mix-
ture models can be effectively addressed using the developed pack-
age (presented in Supplemental Material S1). The tutorial concludes
with a discussion of the contributions, practical recommendations
and limitations.

The bleval Package: A Downstream Toolkit for
Evaluating Bayesian Latent Variable Models

In this section, we introduce the bleval package, which provides
a set of functions for computing marginal-likelihood-based infor-
mation criteria and fully marginal likelihoods (for Bayes factors)
from posterior samples of Bayesian latent variable models. We
first describe the overall workflow of bleval, focusing on the three
functions that users call directly. We then turn to the numerical
integration methods that underlie the package, along with the two
internal functions that implement them. Finally, we compare
bleval with two widely used packages (i.e., blavaan and brms) to
clarify its niche and demonstrate how it can be integrated with the
brms package.

Workflow of the bleval Package

The bleval package is designed as a “downstream” tool. It does
not perform the initial Bayesian estimation; instead, it takes the
MCMC posterior samples generated by other software (e.g., JAGS
and Stan) and performs the necessary integration to compute model
evaluation metrics. The core idea is to take posterior samples of
the model parameters and the latent variables to compute the mar-
ginal likelihood for each cluster using adaptive Gauss—Hermite
quadrature (described in detail in the next subsection). From these
marginal likelihoods, the package then calculates information

criteria and approximates the fully marginal likelihood needed for
Bayes factors.

Figure 1 outlines the workflow of the bleval package. The pack-
age includes five functions. Two of these (i.e., get quadrature
and log marglik 1) are internal helpers that handle the nu-
merical integration and will be discussed in the next subsection.
Here we focus on the three user-facing functions that are the pri-
mary tools for model evaluation. To compute information criteria
(i.e., DIC, WAIC, and LOOIC), users need to provide some basic
arguments and call the 1log marglik function to obtain the
pointwise log marginal likelihood and the log marginal likelihood
based on point estimates of model parameters. With these likeli-
hood approximations, users can compute information criteria
using the calc_ IC function. To approximate the log fully mar-
ginal likelihood for Bayes factor computation, users can provide
additional inputs and use the 1log_fmarglik function.

The calc_IC and log_fmarglik functions leverage
powerful functions from existing packages (i.e., the waic and
loo functions in the loo package; Vehtari et al., 2017, and the
bridge sampler function in the bridgesampling package;
Gronau et al., 2020). Detailed introduction and instructions are
available in the bleval package hosted on GitHub (https://github
.com/luoxh3/bleval).

Numerical Integration Methods and Internal Functions

To provide background for how log marglik computes
the marginal likelihood, we now review the numerical integra-
tion methods that make this possible, starting from basic quadra-
ture principles and building up to the adaptive approach used in
bleval. We then describe the two internal functions that imple-
ment this method.

From a numerical perspective, the marginal likelihood can be
estimated using numerical quadrature, which approximates deter-
ministic integrals through a finite weighted sum of evaluations of
the integrand (i.e., the function to be integrated):

Y
p(y 10)~ > wyp(y | n=12,0). )
q=1

Here, p(y | 0) is the marginal likelihood, p(y | 1, 0) is the condi-
tional likelihood, Q is the total number of quadrature points, and wy
and z, are the gth quadrature weight and node (¢ = 1,2, ..., 0),
respectively.

One of the most commonly used numerical quadrature approaches
is Gaussian quadrature (Davis & Polonsky, 1972). When integrat-
ing over a normal random variable, a specific variant known as
Gauss—Hermite quadrature is typically employed, which provides
accurate approximations with a relatively small number of quadra-
ture points. Integrating over multivariate normal variables typically
relies on an outer-product Gauss—Hermite quadrature. However,
the Gauss—Hermite quadrature employs a fixed quadrature rule, in
which the nodes (i.e., the locations where the function is evaluated)
and weights (i.e., the multipliers for each function evaluation) are
determined given the number of quadrature points. When the inte-
grand is concentrated in a region far from the origin, or when its
shape differs markedly from a standard normal density, this fixed
rule can become inefficient or inaccurate (Cagnone & Monari,
2013; Rabe-Hesketh et al., 2005).
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Figure 1
Workflow for Using the bleval Package

get_quadrature()

Obtain quadrature nodes and weights

}

[ 2 | log_marglik_i()

Compute log marginal likelihood for each cluster

log_marglik()

Compute log marginal likelihood for IC

v 1)
v Pointwise log marginal likelihood p(y,l )

v Log marginal likelihood based on point estimates

1

[ 4 calc_ICQ)

Compute information

v

5 | log_fmarglik()
Compute log fully marginal

criteria for Bayesian likelihood for Bayesian

latent variable models latent variable models

: ECIDN

v DIC, WAIC, & LOOIC v' Log fully marginal likelihood

Note.

p(v;|6)

Functions in the bleval package
Outputs from corresponding functions
Inputs required for the bleval package

Likelihood or density computed by functions

v' log_joint_i: Afunction that computes
log joint density for each cluster

v/ Ngrid
v" lv_mu, and lv_cov

v samples
v data

v log_prior: A function that computes log
prior density of model parameters

v' 1b, and ub

Functions, inputs, and outputs for users

The first two functions, located outside the dashed box, are used internally within the package to compute the marginal

likelihood for each cluster. The other three functions, highlighted within the dashed box, are user-facing functions designed for
computing model evaluation measures. DIC = deviance information criterion; WAIC = Watanabe—Akaike information crite-
rion; LOOIC = leave-one-out (cross-validation) information criterion. See the online article for the color version of this figure.

To overcome this limitation, adaptive Gauss—Hermite quadra-
ture has been developed (Naylor & Smith, 1982) and widely used
in Bayesian analyses (Bilodeau et al., 2024). It shifts and scales
quadrature nodes and weights based on the specific integrand,
thereby placing greater weight on evaluations near the peak of the
integrand (Rabe-Hesketh et al., 2002, 2005). Specifically, the
nodes and weights can be adapted using (a) the mode and curva-
ture (i.e., the inverse of the information matrix evaluated at the
mode) of the integrand (Liu & Pierce, 1994; Pinheiro & Bates,
1995), or (b) the means and the covariance matrices of the inte-
grand (Merkle et al., 2019; Rabe-Hesketh et al., 2002, 2005). In
this tutorial, we assume that posterior samples of latent variables
are available. Therefore, we adopted the second method (i.e.,
adapting nodes and weights using their posterior mean and co-
variance), as it is more straightforward and computationally effi-
cient in this context.

The original version of the second method computes the means
and the covariance matrices of the conditional posterior distri-
bution of latent variables given each posterior sample of model
parameters (Rabe-Hesketh et al., 2002, 2005). Recently, a modi-
fied version of this method has been proposed and applied to
Bayesian latent variable models, which computes the means and
covariance matrices of the unconditional posterior distribution
of latent variables (Merkle et al., 2019). Although the quadrature
nodes and weights obtained using this modified version may not
be as precisely targeted as those from the original method, the
modified method offers greater computational efficiency and is bet-
ter suited for models with an increasing number of latent variables.
Therefore, this modified version of the adaptive Gauss—Hermite

quadrature is used in this tutorial and within the bleval package.
Detailed computation formulas for adaptive Gauss—Hermite quadra-
ture are provided in Supplemental Material S2.

This adaptive quadrature procedure is implemented by two in-
ternal functions. The get quadrature function first generates
a set of quadrature nodes and weights for each latent variable and
produces the outer products for all node and weight sets, respec-
tively. These standard nodes and weights are then passed to the
log marglik_ i function, along with the posterior means and
covariance matrices of the latent variables (supplied by the user
when calling log marglik). The log marglik i function
adapts the nodes and weights using these moments, evaluates the
log joint density at each adapted node for a given cluster and pos-
terior draw, and returns the log marginal likelihood for that clus-
ter. This process is repeated across all clusters and all posterior
draws. The results are then aggregated by log marglik to
produce the pointwise log marginal likelihood matrix and the
log marginal likelihood vector based on posterior means, which
are used for computing information criteria and fully marginal
likelihoods.

Comparison and Integration with Existing Packages

To clarify the role of bleval, Table 1 summarizes key differences
between bleval and two commonly used packages for Bayesian
latent variable modeling (i.e., blavaan; Merkle & Rosseel, 2018,
and brms; Biirkner, 2017). In short, bleval is a downstream toolkit
that accepts MCMC output and focuses on computing marginal
likelihood-based information criteria and fully marginal likelihoods
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Table 1

Comparison of the bleval Package With Commonly Used Packages for Bayesian Latent Variable Modeling

Analysis bleval

blavaan® brms

Parameter estimation No; downstream toolkit for posterior
samples from other tools (e.g.,
JAGS, Stan).

Marginal likelihood-based DIC,
WAIC, and LOOIC

Integrates out latent variables first,
then passes model parameters to

the bridge sampler.

Information criteria

Fully marginal likelihood
(for Bayes factors)

Yes, for multivariate normal SEMs
(using a marginal approach).

Marginal likelihood-based WAIC
and LOOIC
Not directly supported.

Yes, for MLMs and some IRT models.

Conditional likelihood-based WAIC
and LOOIC

Passes both latent variables and model
parameters to the bridge sampler.

Note.

There is also the potential to compute improved fully marginal likelihoods and Bayes factors for blavaan models via the bridgesampling package,

although this functionality is not seamless. DIC = deviance information criterion; WAIC = Watanabe—Akaike information criterion; LOOIC = leave-
one-out (cross-validation) information criterion; SEM = structural equation model; IRT = item response theory.

* In addition to the default marginal likelihood approach, blavaan offers functionality for computing conditional likelihoods that involve latent variables
(see Merkle, 2022) and for approximating fully marginal likelihoods via a Laplace approximation.

for data-augmented latent variable models; blavaan implements a
marginal approach suitable for multivariate normal SEMs (Merkle
et al., 2021); brms provides general Bayesian estimation (especially
for MLMs) but computes information criteria based on conditional
likelihood. Overall, bleval complements these packages by making
numerical marginalization (and subsequent computation for infor-
mation criteria and fully marginal likelihoods) more accessible for
data-augmented latent variable models.

We conducted supplementary analyses to empirically illustrate
these comparisons. Supplemental Material S3 reports a confirma-
tory factor analysis example where WAIC and LOOIC estimated
by bleval and blavaan are highly consistent, validating bleval’s accu-
racy for models with tractable marginal likelihoods. Supplemental
Material S4 reports an analysis of the illustrative mixed-effects
model (see the next section) using brms. It shows that WAIC
and LOOIC obtained from bleval (based on marginal likelihood)
differ from those reported by brms (based on conditional likeli-
hood). Furthermore, the bridge sampler in brms failed to con-
verge when attempting to compute the fully marginal likelihood
by passing all latent variables and model parameters (totaling
1,006 quantities) to the sampler, highlighting the necessity of the
marginalization approach implemented in bleval for stable Bayes
factor computation.

A key characteristic distinguishing bleval from blavaan and
brms is its aim to serve as a general-purpose tool for computing
information criteria and fully marginal likelihoods across a wide
range of latent variable models. This generality is particularly
valuable for models with intractable marginal likelihoods that
cannot be readily handled by existing packages’ default work-
flows. This design goal, however, can entail a trade-off with
user-friendliness, as defining model-specific components (e.g.,
the Llog_joint i function) requires some user input.

To lower this barrier and enhance practical utility, we explored
an integration between the bleval package and the brms package.
Specifically, we developed a helper function bleval with
brmsfit, which automates the computation of marginal likelihood-
based information criteria and fully marginal likelihoods for certain
models fitted using brms. This function accepts a fitted model
object from brms (created using brm) and internally handles the
key steps required by bleval: It extracts the model structure and
posterior samples, constructs the necessary log joint i and
log_prior functions internally, and then calls the core bleval

routines to compute the evaluation metrics. The current implemen-
tation is designed for two-level models with a univariate response
variable and supports Gaussian, Bernoulli, and Poisson families.
Although it does not cover all model classes in brms, this function
provides a substantially more accessible workflow for common
cases and demonstrates the potential for making these advanced
evaluation methods more readily applicable to applied research.
Supplemental Material S5 provides six detailed examples demon-
strating the application of this helper function to models with
varying random-effects structures and response distributions.

A Worked Multilevel Linear-Model Example:
Concepts and bleval Usage

Gaussian linear mixed models are classic examples of latent
variable models with tractable marginal likelihoods. In this sec-
tion, we use a Gaussian linear mixed model with two random
effects (i.e., two latent variables) to introduce the key concepts of
marginal likelihood, information criteria, and fully marginal likeli-
hood, and to show how the corresponding bleval functions are
used in practice. Since the marginal likelihood of this model is
tractable, this example allows us to validate the numerical approxi-
mations produced by bleval against an exact analytical solution.

Data Generation and Parameter Estimation

The data were generated based on a mixed-effects model with
two random effects (i.e., a random intercept and a random slope):

Y =XiB + Zju; + g, 2

where y; is an n; X 1 vector of the Level 1 units in Level 2 cluster
J» Xj is an n; X 2 design matrix for the fixed effects in cluster j
(with 1 in the first column representing intercepts, and the second

column representing a within-cluster predictor), p = {E"} isa2 X1
1

vector of fixed effects, Z; is a n; X 2 design matrix for the random
effects in cluster j, u; is a 2 X 1 vector of random effects for
cluster j (which follows a bivariate normal distribution u; ~

N(O,G:

uals for the units in cluster j (which follows a normal distribution
g ~ N(O, Rj = c*I); I is a n; X n; identity matrix).

2
(e} G010, . .
LA D), and g is an n; X 1 vector of resid-

ul

Guo’Cul G,
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A multilevel data set with 500 clusters (N = 500), each contain-
ing 50 units (n; = 50 for all j), was generated in R. We first set the

1 0.09

0.09 0.9 | and the

covariance matrix for random effects as G = [

fixed effects as p =

00%} to generate the random effects for each

cluster. The G matrix implies a correlation of 0.3 between random
effects, which reflects typical dependencies between random
effects in psychological studies. Then, the within-cluster predictor
was generated from a normal distribution with mean zero and var-
iance of one, and the variance of residuals 6> was set as 0.01 to
generate the within-cluster units y;.

The data-generating model was fitted to the simulated data. We
placed weakly informative priors over the fixed effects (3, and
B,). For the elements in the between-cluster covariance matrix G
and the within-cluster covariance matrix Rj, we specified Gamma
priors for the inverse of variances (6,7, 6,2, and 6~2) and a uni-
form prior between —1 and 1 for the correlation (r).

The model parameters were estimated using JAGS (Plummer,
2003) through the rjags package (Plummer et al., 2024) in R. Four
independent Markov chains were generated, with 2,500 iterations
from each chain (that is, 10,000 iterations in total) obtained after
burning in the first 5,000 iterations and applying a thinning inter-
val of 10.

Computing Marginal Likelihood

Theoretical Background: Conditional and Marginal
Likelihoods of Latent Variable Models

Suppose we fit latent variable models to observed data y;; (i.e.,
the unit 7 for cluster j, where i = 1, 2, ..., n;, and n; is the num-
ber of units in cluster j; j = 1, 2, ..., N, and N is the number of
clusters). For each cluster j, we construct latent variables n;. Spe-
cifically, in SEMs and IRT models, y;; is the observed value of
item / for person j, and 1, represents the latent characteristics for
person j. In MLMs, y;; denotes the unit 7 (e.g., students or time) in
cluster j (e.g., schools or persons), and 1; represents the cluster-
specific effects (i.e., random effects for cluster j). The observed
data y; and latent variables 1; are modeled with certain distribu-
tions parametrized by 0. The marginal likelihood for all units in
the data (y) is given by

py0)=

pr,|9

where y; is the vector of all units in cluster j, and y is the vector
of all units (i.e., y; stacked across clusters). The marginal likeli-

3)

hood for cluster j, p(y; | 0), is defined by integrating over latent
variables:
p0y10) = o0 1. 0)ply ) @
Here, p(y; | n;, 0) is the conditional likelihood of the units for
cluster j, and p(v; | 0) is the density for the latent variables.

In many commonly used latent variable models, the conditional
independence between units within each cluster is assumed. As a

result, the conditional likelihood of the units for cluster j can be
further factorized as

Hp vii | n;,0) ®)
where p(y; | #;,0) is the conditional likelihood of the unit i in

cluster j given the latent variables and model parameters (often
also involving covariates, which are omitted for simplicity).

yj | "117

Computation in bleval

To compute the (log) marginal likelihood for each cluster in the
mixed-effects model using bleval, we can call the 1log_marglik
function (see Figure 2). There are six basic required arguments for
this function: (a) samples, a matrix or data frame containing the
posterior samples of model parameters (obtained using the rjags
package in this example); (b) data, a list that must contain an ele-
ment N indicating the number of clusters (here N = 500); beyond
this requirement, the structure of data is flexible and can be
adapted to the specific model (in this example, it also includes the
vectors of the observed responses y and the covariate x, but users
can define additional components as needed); (c) Ngrid, the
number of quadrature nodes for each latent variable; (d) 1v_mu, a
list of posterior means of latent variables for each cluster; (e)
1v_cov, a list of posterior covariance matrices of latent variables
for each cluster; and (f) log_joint i, a function that computes
the log joint density for each cluster.

Among these, the log_joint 1 function is crucial and can
be relatively challenging to specify.? For the mixed-effects model,
the main components of this function are shown in Figure 2. This
function takes a named vector with parameter values in a posterior
sample (samples_s), a data object (data), an index of the clus-
ter (1), a numeric number of quadrature nodes (Ngrid), and a
matrix of latent variable values transformed from the quadrature
nodes (nodes; output of the get quadrature function) as
inputs, and returns the log joint density for each cluster (i.e., the
log of the integrand in Equation 4).

The log marglik function then returns a list containing
two objects: a matrix of log marginal likelihoods for each data
point (log_marglik point), and a vector of log marginal
likelihoods given the point estimates (i.e., posterior means) of
the model parameters (log marglik postmean).

Computing Information Criteria

Theoretical Background: Information Criteria Based on
Marginal Likelihood

For latent variable models, information criteria can be computed
based on marginal likelihoods. Before diving into the definition
and computation formulas for information criteria, we first intro-
duce the expected log predictive density as a theoretical measure
of the predictive performance of models. Then, we demonstrate
how to practically compute information criteria to approximate the

2 Please see Supplemental Material S6 for more detailed instructions for
specifying log_joint i andlog prior functions.
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8 LUO, DONG, LIU, LIU, AND MERKLE

Figure 2

Computing Log Marginal Likelihood and Information Criteria in bleval

predicted_y <- nodes[, 1] + nodes[, 2 _extended_mat
log_con_t_i <- dnorm(y_i_extended_mat, mean = predicted_y,

sd = 1/sqrt(samples_s[[" "11), log = TRUE)
log_con_i <- rowSums(log_con_t_i)

sd_beta_0 <- sqrt(l/éamples_s[["
sd_beta_1 <- sqrt(1/samples_s[["

1"11)

mean <- c(samples_s[["be "1], samples_s[["beta_1"]])

sigma <- matrix(c(sd_beta_072, sd_beta_0*samples_s[[" "]]*sd_beta_1,
sd_beta_@*samples_s[["rho"]]*sd_beta_1, sd_beta_172),
nrow = 2)

log_raneff_i <- mvtnorm::dmvnorm(nodes, mean, sigma, log = TRUE)

urn the

g_raneff_i + log_con_:

Note.

expected log predictive density and assess the out-of-sample pre-
dictive accuracy of latent variable models.

Expected Log Predictive Density. Information criteria are
used as measures of out-of-sample predictive accuracy. Theoreti-
cally, the out-of-sample predictive accuracy for a new data set
{Je} (k=1,2,...,K) is defined as

K

clpd = > [10g (5] 3)pie (1), ©)
k=1 *

where elpd denotes the expected log (posterior) predictive density.
Pk |¥) = [p(5|0)p(8]y)d is the posterior predictive density
for y,, and pue(y;) is the density based on the true data-
generating process for y,.

Practical Computations of Information Criteria. For his-
torical reasons, information criteria are defined as elpd multiplied
by —2 (Gelman et al., 2014). However, the true model-based den-
sity puue(¥;) in Equation 6 is typically unknown. Therefore, sev-
eral practical methods have been proposed to approximate elpd
and compute information criteria to evaluate out-of-sample pre-
dictive accuracy. These methods can be categorized into two types
(Stone, 1977): those based on bias correction (e.g., DIC and
WAIC) and those based on cross-validation (i.e., LOOIC).

The first category of information criteria, based on bias correc-
tion, starts by estimating log predictive density (e.g., Ipdp;c, and
Ipdyarc) and then subtracting a correction term (e.g., ppic and
pwalc, Which represent the effective number of parameters and
can be used as a measure of model complexity).

The DIC (Spiegelhalter et al., 2002) is defined as

DIC = -2 elpleC =-2 (lpdDIC — pD]C). (7)

Based on posterior samples 0v) (s =1,2,...,8, where §

is the total number of posterior samples), Ipdpy;c is estimated

Nnum) {

for (i in

raneff_mu_list[[i]] <- c(
mean(samps[, paste® (
mean(samps[, pasteo(

# C the

raneff_cov_list[[i]] <- cov(
samps[, c(pasteo( v Al ), paste@(

b

log_marglik_result <- log_marglik(
samples = samps, data = data_list, Ngrid = 9,
lv_mu = » lv_cov =

10g_joint_i - (EENGHNED )

Output object fed into

evaluation fucntion Step 4: Compute information criteria

1 calc_IC([log marglik_result )

Complete code and step-by-step guidance are available at https://github.com/luoxh3/bleval. See the online article for the color version of this figure.

using point estimates (typically posterior means) of parameters

0 point»

lf’amc = logp(y| époint)v (8)

and ppjc has two computed versions:

R ; 1<
Poic, = 2|1og p(y[Opoint) — 3 Zlogp(y 109) ], )
s=1

Poic, = 2 Var[log p(y|0%))], (10
where \7a\rrepresents the sample variance. The mean-based
Ppic, 1s numerically more stable than the variance-based ppyc,
and is more commonly used (Gelman et al., 2014). The mar-
ginal likelihood for all units in the data, given the point esti-
mates of model parameters p(y| époim), or given their estimates
in each posterior sample p(y\()(s)), can be calculated according
to Equation 3.

The WAIC (Watanabe, 2010) provides a more fully Bayesian
approach than criteria like DIC that rely on point estimates.
Although DIC computes predictive accuracy using the posterior
mean (a plug-in estimator), WAIC accounts for posterior uncer-
tainty by utilizing the entire posterior distribution and computing
pointwise posterior predictive density. Specifically, WAIC is
defined as

WAIC = —2elpdyaic = =2 (Ipdyaic — Pwaic), (11)
where Ipdy ;e can be computed as
. N 1S
Ipdyarc = Zlog 3 ZP(J’,’\e@) (12)
=1 s=1
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Similar to that of DIC, the effective number of parameters in
WAIC can also be computed based on mean (pyc,) and variance

(ﬁWAICZ ) .
N

N
1
Pwaic, = 22{108 [3 Zp(yj\e(s
=

|-t S

13)

N
= Z Var [logp(; | O(S))} )

=

Pwaic, (14)

The variance-based pyajc, is more stable than the mean-
based pwaic,, as it sums over the variance computed for each
data point. This variance-based version of pyc is also used in the
loo package for computing WAIC (Vehtari et al., 2017). The mar-
ginal likelihood p(y;|0"“)) for cluster j given estimates of model
parameters in each posterior sample can be calculated according to
Equation 4.

The other category of information criteria is based on cross-
validation. Cross-validation is a natural way to estimate out-of-sample
prediction accuracy (Vehtari & Lampinen, 2002). Information
criteria based on bias correction (e.g., DIC and WAIC) can be
viewed as approximations to different versions of cross-validation
(Stone, 1977). Information criteria based on cross-validation to
estimate out-of-sample predictive accuracy typically use leave-
one-out cross-validation and compute the LOOIC. In latent vari-
able models, the elpd based on leave-one-out cross-validation is
defined as

N
elpd; oo = Zlogp(yj ly_)s (15)

J=1

where p(y; [y_;) = [logp(y;|0)p(8]y_;)d0 is the leave-one-out
(leave-one-cluster-out) predictive density for units in cluster j,
given the units in all other clusters. The LOOIC is defined as

LOOIC = —2elpd; gopc- (16)

Theoretically, we could omit units in cluster j to generate N
sets of posterior samples and estimate the elpd for each valida-
tion cluster. However, this process can be computationally demand-
ing. Researchers are therefore more interested in approximating
elpd; o using all observed clusters and posterior samples derived
from the full data set. The introduced WAIC is one such approxi-
mation method, whereas others are based on importance sam-
pling (IS) or its refinements (Li et al., 2016; Millar, 2018; Vehtari
et al.,, 2017). Among the IS-based estimates for elpdrooic, the
method using Pareto smoothed IS (Vehtari et al., 2017) has
higher accuracy, reliability, and robustness compared with other
methods. This Pareto smoothed IS-based approach and the corre-
sponding LOOIC can be easily implemented in the R package
loo (Vehtari et al., 2017) with MCMC posterior samples of the
pointwise log likelihood as input. Therefore, the LOOIC estimate
appropriate for Bayesian latent variable models can be obtained
using the loo package, after computing the log marginal likeli-
hood for each data point given model parameter estimates in each
posterior sample according to Equation 4.

Computation in bleval

Given the output of log_marglik (), computing the infor-
mation criteria is straightforward with the calc_IC() func-
tion (see Figure 2). This function returns a list containing DIC,
WAIC, and LOOIC estimates, along with the corresponding
effective parameter counts and expected log predictive den-
sities. It internally calls the waic () and 1oo () functions from
the loo package.

Computing Fully Marginal Likelihood and Bayes
Factors

Theoretical Background: Fully Marginal Likelihood and
Bayes Factors

Another way to evaluate and compare models is by examining
the fully marginal likelihood of each model and the Bayes factors
between competing models. Fully marginal likelihood refers to the
probability of the observed data given the model. In contrast to
the marginal likelihood that is used in the computation of infor-
mation criteria, fully marginal likelihood requires further inte-
grating out the model parameters in latent variable models. For
a latent variable model (M), the fully marginal likelihood is
defined as

W

0

where the term in the square bracket represents the marginal likeli-
hood, and p(0 | M) is the prior density of model parameters given
model M. The fully marginal likelihood in Equation 17 can also be
interpreted as a weighted average of the likelihood over latent vari-
ables given specific values of parameters, where the weights are
the density of the corresponding parameter values.

In model comparison, the fully marginal likelihood of a
model describes its strength of evidence or predictive accuracy
(Gronau et al., 2017; Kass & Raftery, 1995; Rouder & Morey,
2019). The ratio of fully marginal likelihoods between two mod-
els, known as the Bayes factor, can be used to evaluate the rela-
tive evidence or relative predictive accuracy between competing
models (Garofalo et al., 2024; Rouder & Morey, 2019; Veenman
et al., 2024).

In practice, however, the fully marginal likelihood for most
models cannot be computed analytically. The R package bridge-
sampling (Gronau et al., 2020) based on the bridge sampling
method (Bennett, 1976; Meng & Wong, 1996) can be used to ap-
proximate fully marginal likelihood. To estimate this likelihood,
the package requires the following input: (a) MCMC posterior
samples, (b) a function to compute the log posterior density for a
set of model parameters, (c) the observed data (and other relevant
quantities for the provided function), and (d) the lower and upper
bounds for model parameters (Gronau et al., 2020). Notably, when
using bridge sampling, it is essential to include all constant terms
in the likelihood and prior densities to ensure a valid approxima-
tion of the fully marginal likelihood.

For latent variable models, two methods can be used to ap-
proximate the fully marginal likelihood with the bridgesampling
package, both of which ultimately integrate out both the latent
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10 LUO, DONG, LIU, LIU, AND MERKLE

variables and the model parameters. The first method treats latent
variables as part of the parameter space and draws MCMC
samples from their joint posterior with the model parameters;
the fully marginal likelihood is then approximated by integrat-
ing over all latent variables and parameters simultaneously. This
can result in a large number of quantities (i.e., the number of
dimensions that must be integrated over; sometimes hundreds or
thousands) to be addressed in the sampling process. The second
method first integrates out latent variables and computes mar-
ginal likelihoods using numeric integration before passing only
the MCMC samples of model parameters to the bridge sampler.
Both methods are theoretically feasible; however, as will be
shown in this example, the first method may be impractical for
common latent variable models with moderate sample sizes, since
the bridge sampling estimator can encounter convergence issues
when handling too many quantities. Therefore, the second method
that distinguishes latent variables and model parameters is rec-
ommended and used in this tutorial and the developed R pack-
age bleval.

Computation in bleval

To approximate the log fully marginal likelihood, we call the
log_fmarglik function (see Figure 3). The first six arguments
are the same as those for the 1og marglik function, and the
additional three required arguments are a function that computes
the log prior density for model parameters (Log prior), and
two named vectors with the lower and upper bounds of the param-
eters (1b and ub). For the mixed-effects model in this example,
the specification of the 1og_prior function is shown in Figure 3.
It takes a named vector with parameter values from a posterior
sample (samples_s) as input and returns the log prior density
for each cluster. The 1log fmarglik function then returns an
object containing the value of the log fully marginal likelihood
and the number of iterations for the bridge sampling estimator to
converge. This object from one model can be used to compute the
Bayes factor between two models.

Validation Against the Analytical Solution

Because the marginal likelihood for the Gaussian linear mixed
model is analytically tractable, we can compare the numerical

Figure 3
Computing Log Fully Marginal Likelihood in bleval

log_prior <-
# pr or tThe S

dgamma(samples_s[ rate = 0.001, log = TRUE) +

dgamma(samples_s[[

dgamma(samples_s[[

11, shape
11, shape
11, shape

ric
dnorm(samples_s[[
dnorm(samples_s[[

11, mean , sd
11, mean = @, sd

sqrt(1/0.01), log
sqrt(1/0.01), log

TRUE) +
TRUE) +

# A

1, log = TRUE)

dunif(samples_s[[ 11, min

Note.

.001, rate = 0.001, log = TRUE) +
.001, rate = 0.001, log = TRUE) +

approximations obtained with bleval to the exact values. Under
the fitted model, the log marginal likelihood of y; can be expressed
in closed form as

(B, Vi) = 5 nyloa(2m) + log Vil + (o ~ XiB)" Vi 0y~ X5},
(18)

where V; = cov(y;) = Z,GZ;" + R;. This marginal likelihood
integrates out the random effects and includes only the data and
model parameters, which can be directly used to compute the in-
formation criteria. The fully marginal likelihood was obtained by
integrating the analytical marginal likelihood over the parameters
using bridge sampling (with the same 1og_prior and parameter
bounds).

The numerical results from bleval (using nine quadrature
nodes per latent variable) matched the analytical values to at
least three decimal places for DIC, WAIC, and LOOIC and to
the second decimal place for the log fully marginal likelihood.
The R code and detailed results are provided in Supplemental
Material S7.

We also reanalyzed the same model using brms and our inte-
gration helper function bleval with brmsfit (). This numer-
ical approach yielded results virtually identical to the analytical
solution and those from the standard bleval workflow. These
results demonstrate the effectiveness of the numerical integra-
tion method (i.e., adaptive Gauss—Hermite quadrature) in approxi-
mating the marginal likelihood used for evaluating the mixed-
effects model.

In addition, we attempted to treat random effects as model
parameters and provided posterior samples of 1,006 quantities
(i.e., 500 X 2 random effects plus 6 model parameters) to the
bridge sampler function in the bridgesampling package
(Gronau et al., 2020) to approximate the fully marginal likeli-
hood. As expected, the bridge sampling estimator failed to con-
verge within 1,000 iterations. This occurred with both the default
method (which uses a multivariate normal distribution as the pro-
posal distribution) and the Warp-III method (an improved bridge
sampling technique that accounts for potential skewness in the
posterior distribution). We also increased the number of poste-
rior samples (from 10,000 to 50,000) and the maximum number

1 1b <- c(rep(-Inf, 2), rep(o, 3), -1)
2 ub <- c(rep(Inf, 2), rep(Inf, 3), 1)

names(1lb) <- names(ub) <- c("beta_0", "beta_1",
A "y_pre", "tau_beta_0", "tau_beta_1", "rho")

Step 3: Compute log fully marginal likelihood

1 log_fmarglik(samples = samps2, data = data_list, Ngrid = 9,
2 lv_mu = raneff_mu_list, 1lv_cov = raneff_cov_list,

log_joint_i = log_joint_i, log_prior = _,
b - @8, w-E8)

Complete code and step-by-step guidance are available at https://github.com/luoxh3/bleval. See the online article for the color version of this figure.
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of iterations (from 1,000 to 5,000). Despite these adjustments,
the bridge sampler still failed to converge.’

Although the numerical results confirm the accuracy of the
bleval package, it is important to recognize that model comparison
criteria, especially the log fully marginal likelihood and Bayes fac-
tors, can be sensitive to the choice of prior distributions (e.g., Kass
& Raftery, 1995; van Erp et al., 2018). To illustrate this issue, we
conducted a sensitivity analysis for the mixed-effects model by
varying the priors on its scale parameters (see Supplemental
Material S9 for details). As a comprehensive prior sensitivity anal-
ysis is beyond the scope of this tutorial, the subsequent empirical
examples focus primarily on computing the evaluation metrics for
each model individually. We return to the practical implications of
prior choice in the Discussion section.

Empirical Examples

Up to this point, we have demonstrated the bleval workflow on
an MLM with a tractable marginal likelihood; we now apply the
package to two more complex latent variable models where the
marginal likelihood is intractable: a latent moderation SEM and a
five-dimensional IRT model. A third example using a mixture
Rasch model is presented in Supplemental Material S1. The first
example uses JAGS for parameter estimation, whereas the latter
two use Stan. All empirical data and code are available in the R
package bleval hosted on GitHub (https://github.com/luoxh3/bleval).

Example 1: Latent Moderation Structural
Equation Model

Data

The data were collected from 356 Chinese college students
(75.84% temale), with a mean age of 20.658 years (ranging from
17 to 25, SD = 1.642). Participants completed measures of their
ruminative response styles, emotion regulation strategies, and
depression symptoms. The brooding subscale in the Ruminative
Responses Scale (Nolen-Hoeksema & Morrow, 1991) was used to
assess participants’ general tendency of brooding. The scale con-
sists of five items (e.g., “think “What am I doing to deserve this?’”),
which are evaluated on a 4-point Likert scale from 1 (almost never)
to 4 (almost always). The expressive suppression subscale in the
emotion regulation scale (Gross & John, 2003) assessed individu-
als’ use of response-focused emotion regulation strategies. The
scale consists of four items (e.g., “I control my emotions by not
expressing them”), rated on a 7-point Likert scale, from 1 (strongly
disagree) to 7 (strongly agree). Depression symptoms were eval-
uated using the Patient Health Questionnaire-9 (Kroenke et al.,
2001), which consists of nine items. Participants reported how of-
ten they experienced depressive symptoms (e.g., “feeling down,
depressed, or hopeless”) during the past week on a 4-point Likert
scale ranging from 1 (never) to 4 (almost every day).

Analysis

In this example, we examined expressive suppression (1,,) as a
potential moderator of the relation between brooding (ny) and
depressive symptoms (ny) using a Bayesian latent moderation
SEM (see Figure 4). The first loading of each latent factor (i.e.,
latent variable) was fixed at one for model specification. Regarding

Figure 4
Latent Moderation Structural Equation Model in Example 1

ol

2
o

5

£

g
s

=<

o

£

== e e e ] ] =

&

prior specifications, the regression coefficients as well as the fac-
tor loadings for the second and subsequent indicators of each
latent factor were assigned normal priors with a mean of 0 and a
precision of 0.01. The precision parameters (inverse variances)
for the observed variables and the latent variables were assigned
Gamma priors with shape and rate parameters of 0.001.

Model parameters were estimated using JAGS (Plummer, 2003)
via the rjags package (Plummer et al., 2024) in R. We ran four
independent Markov chains and obtained 2,500 iterations from
each (i.e., 10,000 iterations in total), after burning in the first
5,000 iterations and applying a thinning interval of 10. The
model was considered convergent if the potential scale reduction
factor (PSRF or f&; Brooks & Gelman, 1998) for all parameters
was less than 1.1. The sampling efficiency was monitored via the
effective sample size (ESS).

To evaluate the model using the bleval package, we first extracted
the posterior samples for 39 model parameters and computed the
posterior means and covariance matrices of the three latent varia-
bles for each participant (to adapt quadrature nodes and weights).
Then, we specified the log joint density function (log joint 1)
and the log prior density function (log prior). Finally, we
used the log_marglik and the calc_ IC function to compute
DIC, WAIC, and LOOIC and used the 1og_fmarglik func-
tion to approximate the log fully marginal likelihood of the
model. In addition, we set the number of quadrature nodes per
latent variable to 5, 9, and 15 to preliminarily examine the sensi-
tivity of the model evaluation results to different numbers of
quadrature nodes.

Results

The model converged with all PSRF values below 1.1. The
sampling efficiency was high, as evidenced by large ESSs across
all parameters (minimum ESS = 4,561). The results showed a
positive moderating effect (B = .159, 95% credible interval [Crl;
.024, .304]) of expressive suppression on the relation between
brooding and depressive symptoms. This suggests that individuals

> We provide a lower dimensional example (a Gaussian linear mixed
model with a random intercept and 50 units) where the bridge sampler did
converge. The resulting fully marginal likelihood estimate agrees with our
bleval estimates to the second decimal place. Please see Supplemental
Material S8 for more details.
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with a higher tendency for expressive suppression experience a
stronger negative impact of brooding on depressive symptoms.

The Bayesian model evaluation results are presented in Table 2.
As shown in the table, the estimates of DIC, WAIC, LOOIC, and
log fully marginal likelihood demonstrate negligible variation
across different numbers of quadrature nodes. Specifically, for the
DIC, WAIC, and LOOIC estimates, the values remain unchanged
to three decimal places when increasing the number of nodes from
9 to 15. For the log fully marginal likelihood, the differences are
minimal, with only the third decimal place changing across all
three node settings (5, 9, and 15). These results suggest that the
evaluation metrics for the current model are relatively robust to
changes in the number of quadrature nodes.

We also applied the bridge sampler function by treating
latent variables as model parameters, totaling 1,107 quantities
(i.e., 356 X 3 latent variables plus 39 model parameters). As with
the illustrative example, the bridge sampling estimator failed to
converge within 1,000 iterations, using both the default method
and the Warp-III method.

Example 2: Multidimensional Item Response Model
Data

A random subset of 1,000 participants was drawn from a publicly
available Big Five Inventory data set (the full data set can be found
online at https://www kaggle.com/tunguz/big-five-personality-test).
Each participant provided responses to the 20-item Mini International
Personality Item Pool (Donnellan et al., 2006) scale. The scale con-
sists of five subscales measuring distinct personality traits (extraver-
sion, agreeableness, conscientiousness, neuroticism, and intellect/
imagination), with four items per subscale. All items were rated on a
5-point Likert scale.

Table 2

Bayesian Model Evaluation Results of the Latent Moderation
Structural Equation Model (Example 1) Under Different Numbers
of Quadrature Nodes per Latent Variable

Bayesian model

evaluation measures Nuode = 5 Nuode =9 Nnoge = 15

DIC

Poic 39.110 39.103 39.103

e/ZI;Ich —7,769.708 —7,769.701  —7,769.701

]SI\C 15,539.415 15,539.402 15,539.402
WAIC

Pwarc 44381 44381 44.381

@DIC —7,772.701  —7,772.698 —7,772.698

WA\IC 15,545.403 15,545.396 15,545.396
LOOIC

roo 44.418 44.417 44417

gp\dLOO —7,772.736  —7,772.734 —7,772.734

L O0IC 15545475 15545468  15,545.468
Log fully marginal likelihood = —7,998.337 —7,998.334 —7,998.331

Note. ppic, Pwaic» and pp oo denote the estimated effective number of
parameters. Nyode denotes the number of quadrature nodes per latent vari-
able. elpd = expected log predictive density; DIC = deviance information
criterion; WAIC = Watanabe—Akaike information criterion; LOOIC =
leave-one-out (cross-validation) information criterion.

Analysis

A generalized partial credit model (Muraki, 1992) was applied
to the data (see Figure 5). Each item had a discrimination pa-
rameter (o) and four step difficulty parameters () estimated
(j=1,2,...,20;5s =1, 2, 3,4). The variances of the traits
(i.e., latent variables) were constrained to 1.00, whereas the cor-
relations among traits  were freely estimated. To handle the
reverse-worded items, we modified the discrimination parameter
from o to wjo;. Here, w; represents an item-wording weight, where
w; = —1 for reverse-worded items and w; = 1 for nonreverse-
worded items, with o; correspondingly constrained to be positive.
For item parameters, the prior distributions were set as Bjs ~
N(0, 5%) and o; ~ Log — normal(0, 1%). For person parameters,
five traits were assumed to follow a multivariate normal distribu-
tion with mean vector p = 0 and covariance matrix X = €. The
correlation matrix Q was specified with an LKJ (Lewandowski—
Kurowicka—Joe) correlation prior distribution (Lewandowski
et al., 2009) with shape 1.

Model parameters were estimated using Stan Version 2.33.1
(Stan Development Team, 2023) via the cmdstanr package Ver-
sion 0.6.1 (Gabry et al., 2023) in R. Four chains were run, each
with 2,500 warm-up iterations and 2,500 postwarm-up iterations.
Model convergence was assessed by the PSRF, with its values
below 1.1 for all parameters considered as satisfactory.

Since the number of quadrature points grows exponentially with
dimensionality, higher node settings become computationally in-
tensive in this moderately high-dimensional scenario. We there-
fore explored quadrature nodes of 3, 5, and 7 per dimension,
striking a practical balance between potential accuracy gains and
computational feasibility. After defining the log joint density func-
tion (log joint i) and the log prior density function
(log_prior) for the generalized partial credit model, we com-
puted DIC, WAIC, LOOIC, and log fully marginal likelihood
using the bleval package.

Results

The model demonstrated strong convergence (all PSRF values
below 1.1) and high sampling efficiency (minimum ESS = 1,347).
The discrimination of the item “I sympathize with others’ feel-
ings” in the agreeableness subscale was estimated to be the strong-
est (2.247, 95% Crl [1.787, 2.827]), whereas the item “I seldom
feel blue” in the neuroticism subscale turned out to have the weak-
est discrimination (.446, 95% Crl [.358, .540]). As for the correla-
tions among traits, sufficient evidence supported that neuroticism
was negatively correlated with both extraversion (—.124, 95% Crl
[—.202, —.046]) and conscientiousness (—.365, 95% Crl =
[—.444, —.282]), and the correlation between extraversion and
conscientiousness was positive (.097, 95% Crl [.014, .176]).
Besides, agreeableness exhibited positive correlations with extra-
version (241, 95% Crl [.165, .313]), openness (.197, 95% Crl
[.115, .277]), and neuroticism (.130, 95% CrI [.050, .207]).

The Bayesian model evaluation results are presented in Table 3.
The DIC estimate exhibited a substantial change when quadrature
nodes per latent variable increased from 3 to 5, whereas the change
markedly diminished between five and seven quadrature nodes.
This convergence pattern was also consistent across estimates of
WAIC, LOOIC, and log fully marginal likelihood. Close
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Figure 5

Five-Dimensional Generalized Partial Credit Model in Example 2
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Note.

agreement between results from five and seven quadrature nodes
per latent variable indicates that five quadrature nodes may
achieve a sufficiently accurate and computationally manageable
approximation. Although seven quadrature nodes yield marginal
improvement, they incur considerably higher computational cost
(7° = 16,807 vs. 5° = 3,125 points).

Similar to the exploration in Example 1, we applied the
bridge sampler function by treating latent variables as model
parameters, totaling 5,110 quantities (i.e., 1,000 X 5 latent varia-
bles plus 110 model parameters). The bridge sampling estimator
could not reach convergence within 1,000 iterations, using both
the default method and the Warp-III method.

Discussion

Model evaluation is an important component of Bayesian model-
ing, where information criteria, including DIC, WAIC, and LOO,
along with fully marginal likelihoods, have been widely employed
as evaluation metrics. In this tutorial, we have emphasized the

Table 3

Bayesian Model Evaluation Results of the Five-Dimensional
Generalized Partial Credit Model Under Different Numbers of
Quadrature Nodes per Latent Variable

Bayesian model

evaluation measures Niode = 3 Niode = 5 Niode =7

DIC

Poic 111.143 110.462 110.267

el/p\dDIC —27,205.855 —27,187.561 —27,186.846

DIC 54411710  54,375.122  54,373.692
WAIC

Pwaic 122.434 122.468 122.490

el/;dmc —27,211.804 —27,193.878 —27,193.250

WAIC 54,423.607  54,387.715  54,386.501
LOOIC

PLoo 122.497 122.531 122.552

‘II;{LOO —27,211.866 —27,193.920 —27,193.313

LOOIC 54,423.733  54,387.841 54,386.627
Log fully marginal likelihood —27,525.440 —27,507.550 —27,506.940

Note. ppic, Pwaic» and pp oo denote the estimated effective number of
parameters. Nyode denotes the number of quadrature nodes per latent vari-
able. elpd = expected log predictive density; DIC = deviance information
criterion; WAIC = Watanabe—Akaike information criterion; LOOIC =
leave-one-out (cross-validation) information criterion.

EXT = extraversion; AGR = agreeableness; CSN = conscientiousness; NEU = neuroticism; INT = intellect/imagination.

importance of distinguishing conditional likelihoods, marginal
likelihoods (integrating out latent variables), and fully marginal
likelihoods (integrating out both latent variables and parameters)
when evaluating Bayesian latent variable models. We have intro-
duced the R package bleval, which implements an adaptive Gauss—
Hermite quadrature method to approximate marginal likelihoods
from MCMC posterior samples and then uses these approxima-
tions to compute information criteria (DIC, WAIC, LOOIC) and
fully marginal likelihoods (for Bayes factors) via existing packages
loo and bridgesampling. We demonstrated the package’s workflow
through a worked multilevel linear-model example, validated the
numerical approximations against an analytical solution, and applied
the package to more complex models with intractable marginal like-
lihoods (nonlinear SEMs and IRT models). These examples col-
lectively demonstrate the broad applicability of the bleval package
across diverse latent variable models.

Contributions

This tutorial emphasizes the importance of differentiating three
key concepts in the context of Bayesian latent variable modeling:
(a) the likelihoods conditional on model parameters and latent var-
iables (referred to as “conditional likelihoods”), (b) the likelihoods
with latent variables integrated out (referred to as “marginal likeli-
hoods”), and (c) the likelihoods involving integration over both
latent variables and model parameters (referred to as “fully mar-
ginal likelihoods” in this article). Although the difference between
conditional likelihoods and marginal likelihoods has been discussed
in previous research (Li et al., 2016; Merkle et al., 2019; Millar,
2018; Spiegelhalter et al., 2002), information criteria based on
marginal likelihoods rather than conditional likelihoods have still
received inadequate attention, even in methodological studies from
Bayesian multilevel modeling (e.g., Liu et al., 2025) to Bayesian
IRT modeling (e.g., Ulitzsch et al., 2022). Critically, marginal
likelihoods align with the canonical definition of likelihood, and
information criteria based on marginal likelihoods show better
generalizability to new clusters (Merkle et al., 2019; Zhang et al.,
2019). As Bayesian latent variable models become increasingly
popular, explicitly distinguishing these types of likelihoods can
enhance applied researchers’ comprehension of these concepts,
thereby preventing inappropriate calculation of model evaluation
indices.

Building on these theoretical clarifications, we propose a practi-
cal workflow to approximate marginal likelihoods, based on which
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the information criteria and the fully marginal likelihoods are com-
puted. Inspired by Rabe-Hesketh et al. (2002) and Merkle et al.
(2019), we implemented a post hoc approximation of marginal
likelihoods using adaptive Gauss—Hermite quadrature based on
posterior samples, which offers a computationally efficient solu-
tion for real-world applications. We also addressed a practical
issue related to bridge sampling: its computational bottleneck
when applied to latent variable models. Although bridge sampling
is recommended for estimating fully marginal likelihoods (Gronau
et al., 2017), its direct application to latent variable models, where
both latent variables and model parameters are treated as parameters
to be sampled, often leads to convergence failures (as shown in our
illustrative and empirical examples). In this article, we addressed
this problem by preintegrating the latent variables via adaptive
Gauss—Hermite quadrature, thereby reducing the number of quanti-
ties in the posterior samples passed to the bridgesampling package.
This strategy echoes the recommendations in high-dimensional
Bayesian inference (Bilodeau et al., 2024) and improves the compu-
tational feasibility of fully marginal likelihoods.

To support researchers in implementing the proposed workflow,
we developed the bleval package, a practical tool for evaluating
Bayesian latent variable models. The package combines adaptive
Gauss—Hermite quadrature with existing R packages (loo, bridge-
sampling), enabling convenient computation of both information
criteria and fully marginal likelihoods for Bayesian latent variable
models. Diverse scenarios in practice can be accommodated by the
bleval package. For instance, it can handle common nonlinear
structures of latent variables, such as the product of latent varia-
bles involved in Example 1. Example 3 also demonstrates its feasi-
bility when models contain latent class variables. Moreover,
through posterior sample inputs, the bleval package can serve as a
downstream analysis toolkit compatible with mainstream Bayesian
estimation platforms, including but not limited to JAGS and Stan.
Taken together, the bleval package contributes to the proper and
practical application of Bayesian evaluation for latent variable
models in future research.

Practical Recommendations

Despite the distinction between conditional likelihoods (given
latent variables) and marginal likelihoods (with latent variables
integrated out), researchers usually rely on the default settings of
software, without being fully aware of how information criteria
were calculated. Therefore, when evaluating Bayesian latent vari-
able models, users should be cautious about the information crite-
ria automatically calculated by default functions in estimation
toolkits, as they are probably based on conditional likelihoods
rather than marginal likelihoods. For more appropriate evaluation
of Bayesian latent variable models, we highly suggest adopting
our bleval package, which features integrating out latent variables
before calculating the indices.

When utilizing the bleval package, some recommendations merit
attention. First, it is crucial to carefully specify the functions log_ -
joint 1 and log prior to ensure the integrand aligns with the
target model. Taking the mixed-effects model as a template, we
offered step-by-step instructions on how to specify these user-defined
functions and compute evaluation indices via the bleval package. Sec-
ond, adequate posterior samples are needed for ensuring the stability
of evaluation results, particularly in the approximation of fully

marginal likelihoods. Despite being a solution to the issue of latent
variables, bridge sampling may still struggle with handling hundreds
of model parameters (e.g., large-scale IRT models). In such cases,
increasing MCMC iterations can improve convergence by reducing
Monte Carlo errors, albeit necessitating compromises in computa-
tional efficiency. Third, users should be aware of the influence of the
number of quadrature nodes on result stability and computational effi-
ciency. In Examples 1 and 3, we set the number of nodes per latent
variable as 5, 9, and 15 and found that the differences between the
results of two neighboring iterations tended to be stably small. To
explore larger numbers of nodes per dimension, users may follow
Furr’s (2017) approach beginning with an odd number (e.g., 5 or 7)
and increasing by approximately 50% while remaining odd so that a
quadrature point is at the posterior mean. Stopping criteria should be
tailored to model-specific approximation performance. For high-
dimensional models, as demonstrated in Example 2, practical trade-
offs between accuracy and computational demands are necessary.

Beyond these considerations, attention should also be given to ver-
ifying the accuracy of user-defined likelihood and prior functions.
For models with tractable marginal likelihoods, results from bleval
can be validated against known analytical solutions or established
software like blavaan. For more complex models where such bench-
marks are unavailable, our experience suggests the utility of a step-
wise approach: (a) during the writing phase, one may employ the
“~" heuristic to ensure all model components are accounted for,
while also verifying that the parameterization of R’s density func-
tions (e.g., dnorm using mean and standard deviation) matches that
of their Bayesian software (e.g., JAGS’s dnorm using mean and pre-
cision); (b) after writing them, a basic test of the functions with a sin-
gle posterior draw can confirm whether they execute and return a
plausible log-density value; and (c) after obtaining the results, it is ad-
visable to examine whether the estimated effective number of param-
eters aligns reasonably with the actual number of model parameters
(excluding latent variables), as a notable divergence may signal
potential issues in computation. It is also crucial to use properly nor-
malized density functions (both likelihood and prior), meaning they
include all necessary constant terms. Omitting these constants will
bias the approximations from numerical integration. These checks
can strengthen confidence in both the custom implementation and the
resulting model evaluation metrics.

In addition to the computation process, the report and interpreta-
tion of model evaluation indices are noteworthy as well. When
reporting the evaluation results from the bleval package, users should
clearly describe the MCMC sampling settings, the integration
method, the rule for selecting integration nodes, the final number of
integration nodes, and the calculation formulas of evaluation indices.
When interpreting the evaluation results, it is important to note that
Bayesian information criteria, including DIC, WAIC, and LOOIC, as
well as the fully marginal likelihood, are all relative measures of pre-
dictive accuracy or evidence, which means their practical utility lies
in their comparison across competing models. In practice, we could
compare these metrics to analogous metrics from other models to
weight models or select the best model.

Furthermore, although the bleval package offers a stable numer-
ical approximation of the log fully marginal likelihood, several im-
portant interpretative caveats surrounding Bayes factors warrant
emphasis. A key concern well-documented in the literature is their
sensitivity to prior specification. As Tendeiro and Kiers (2019)
note, Bayes factors can vary substantially with different prior
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choices. Thus, we would like to highlight that it is generally rec-
ommended to accompany applications of fully marginal likeli-
hoods and Bayes factors with a prior sensitivity analysis (van Erp
et al., 2018). If results remain consistent across a reasonable range
of priors, conclusions are more robust. However, if results prove
highly sensitive to prior choice, this uncertainty should be trans-
parently reported and discussed. The computational stability of
Bayes factor estimates should also be verified, a concern high-
lighted by Schad et al. (2023), who recommend incorporating sta-
bility checks and sensitivity analyses into the workflow. Prior
predictive checks (Winter & Depaoli, 2023) are also suggested to
ensure that priors are appropriately aligned with substantive
knowledge. In summary, although valuable for model comparison,
log fully marginal likelihoods and Bayes factors offer evidence
conditional on the full model specification, including prior
choices. We therefore advocate their use as one component within
a comprehensive workflow, complemented by parameter estima-
tion and posterior predictive checks to form a more robust and
complete inferential picture. For deeper discussions, readers are
referred to Tendeiro and Kiers (2019), Schad et al. (2023), and
van Erp et al. (2018).

Limitations and Future Directions

Although adaptive Gauss—Hermite quadrature based on poste-
rior means and covariance matrices performed robustly in different
kinds of latent variable models, we acknowledge that its accuracy
for severely skewed or multimodal posterior distributions remains
untested. Future work could explore the limits of the current adapt-
ive quadrature method and investigate alternative strategies (e.g.,
mode-curvature adjustments; Pinheiro & Bates, 1995).

In addition, Example 2 empirically revealed the application
boundary of latent variable dimensions for the bleval package,
suggesting that our package shares the same challenges faced by
existing numerical integration methods. Specifically, the excessive
number of quadrature nodes required in high-dimensional scenar-
ios leads to prohibitive computational costs. Although this issue
extends beyond the scope of model evaluation discussed in this tuto-
rial, it warrants further investigation, as resolving high-dimensional
integration challenges could unlock breakthroughs in evaluating
more complex latent variable models with more random effects or
latent constructs. Here, the bleval package represents a prelimi-
nary yet important attempt, paving the way for transforming the
Bayesian evaluation of latent variable models from a technical
challenge into a routine practice.
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